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ABSTRACT 

In this paper, we discuss an efficient way to evaluate scaled complex 

Airy functions by asymptotic series. By obtaining an a-priori estimate of 

the number of monotonically decreasing terms of the asymptotic series for 

exp (z 1 · 5/1 . 5.>Ai (z) that can be summed without underflowing the 

unit round-off of the computer arithmetic, we avoid unnecessary 

computations during the summation. Using this method, we develop an 

efficient computational routine for obtaining numerically linearly 

independent Airy functions whose Wronskian is stable throughout the complex 

plane. The scaled complex Airy function of the second kind 

exp (-z 1 • 5/1. 5JBi (z) may be obtained with well-known connecting 

formulas from the numerically independent computations. However, the 

Wronskian of the Airy functions of the first and second kind is not stable 

• in the sector 180 > abs( arg z ) > 60°, when abs(z) is 

sufficiently large. 

ADMINISTRATIVE INFORMATION 

This memorandum was prepared under Job Order No . W65000, EVA Prog. 

<Code 3332>. The Modeling Efforts, Principal Investigator, H. Weinberg 

author of this memorandum is located at the New London Laboratory, Naval 

Underwater Systems Center, New London, Ct. 06320 . 
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INTRODUCTION 

Typically the ·asymptotic expansion 

exp (zta)Ai (z) (zta=z 1 ·•/1. 5) is truncated 

that approximates exp(zta)Ai(z) with 

sufficiently large values of abs<z>. On 

specific value of z there is a limit to 

of the scaled Airy function 

to obtain a function 

arbitrary 

the other 

the accuracy 

accuracy for 

hand, for any 

with which we 

can compute exp(zta)Ai(z) by truncating its asymptotic expansion, and 

the accuracy cannot always be improved by taking additional terms of the 

asymptotic expansion. Accuracy may be improved by adding additional terms 

as long as the magnitude of the terms continue to decrease without 

underflowing the computer's unit round-off error. Although Thomson [1] has 

implemented a complex Airy function computer code, the code runs slowly 

because comparison tests are performed to assure monotonicity and avoid the 

accumulation of terms that underflow the smallest positive floating-point 

computer number instead of the computer's larger unit round-off error. 

In this paper, we discuss an efficient way to evaluate scaled complex 

Airy functions by asymptotic series. By obtaining an a-priori estimate of 

the number of monotonically decreasing terms of the asymptotic series for 

expCzta)Ai(z) that · can be summed without underflowing the unit 

round-off of the computer arithmetic, we avoid unnecessary computations 

during the summation. Using this method, we develop an efficient 

computational routine for obtaining numerically lin~arly independent Airy 

functions whose Wronskian is stable throughout the complex plane. The 

scaled complex Airy function of the second kind exp(-zta)Bi(z) may be 

obtained with well-known connecting formulas from the numerically 

independent computations. However, the Wronskian of the Airy functions of 

the first and second kind is not stable in the sector 180 6 > abs( arg z ) 

> 60°, when abs (z) is sufficiently large . 

5 
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ASYMPTOTIC ANALYSIS 

Consider approximating the scaled Airy function exp<ztaJAi(z) 

for values of z of large magnitude by evaluating a partial sum of the 

asymptotic series [21 

exp <ztaJAi (z) 

Qo 

- <n-()·•z-().z•/2) 2. 
;f=o 

<-l)*c*zta-* (1) 

where 

zta = z r.s/1. 5, a bs < arg z J < n' 

Co = 1, (2) 

Writing 

we see that the terms of the sum in <1> can be generated recursively: 

(k = 0,1,2, ... ) 

and , a fortiori, 

Let 

a bs <G,.I J = a bs <zta -k-l) ft <c1.1/c1 J 
..I=D 

"" 2-*.k!abs<zta-*-1)5/72: abs<G,.1), 

n-1 

Sn-1 (z) = LGk 

(3) 

(4) 

(5) 

By definition of an 
_f:Q 

asymptotic series (31, as z -> ~ 

lim zta"<'2n · •z ·z•exp<ztaJAi <zJ-S,-1 <zJ>=<-lJ"c,. 

Therefore , for values of z of sufficiently large magnitude 

For a given value of z, if Gn is the first term in series ~(z) 

for which 

(7) 

then the magnitude of the error in Sn-1 (z) is "minimized", since 

G, will have the smallest magnitude of all the t erms in the 

series . By <3>, condition (7) is equivalent to 

6 
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(8) 

Therefore, the first value of n for which <7> holds is 

n = [(9m2 + 9m + 1 ) 0 · 5/3 + m - 0 . 51"" [2m - (14 . 4m) - IJ (9) 

where [ xJ is the smallest integer greater than or equal to x . 

However, if m is sufficiently large, the computation of G. will 

cause computer underflow well before k assumes the value of n given 

in <9>, and the evaluation of <5> out to Gn-1 then becomes 

impractical . In this case, <5> could be summed until abs(~) 

underflows the smallest positive computer numbers. In [4], it was 

shown how to accomplish this without executing comparison tests on 

G., resulting in a 40% improvement in execution efficiency. 

However, an additional 50% improvement in execution efficiency is possible 

by considering the asymptotic behavior of the relative error in the 

approximation Sn- 1 (z) to 

2n°· 5z 0 · 2 •exp (zta)Ai (z) . <10) 

Since 

S n-1 (z) - 27T0 ·•z 0 · 25exp (zta)Ai (z) -> 0 as z -> QO (11) 

i t follows that 

21! 0 · 6z 0 · 26exp (zttJ ) Ai (z) -> 1 as z -> 00 (12) 

and, a fortiori, for the relative error in S n- 1 (z) we have 

Sn-1 (z ) - 2n°·Sz 0 · 2•exp (zta ) Ai (z) 
---> (Sn-1 (z) - V / 1 

---> 0/1 (13) 

as z - :> 4o , But the difference between a function and any partial sum of 

its asymptotic series is of the order of the first neglected term of the 

series as z -> QO , Therefore, <13) suggests that for suffic iently large 

7 
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values o£ abs(z), we should be able _to approximate <10) almost to the 

relative precision o£ the computer arithmetic by summing (5) until 

abs (Gk) is smaller than the computer's unit round-a££ error ~ 

instead of the computer's smallest positive number s. For a 

practical computer evaluation o£ s,_, (z) that avoids comparison 

tests on G., we develop an a-priori estimate that depends on z 

and J.A of the number of monotonically decreasing terms of s,_, (z) 

that can be summed without underflowing the computer's unit round-off 

error~ . To do this, we proceed in essentially the same way we did in [4J, 

replacing the smallest positive computer number s with the computer 

unit round-o£f error .u . 

An estimate of the largest value of m=abs<zta) for which the 

magnitude of the terms of the partial sum S,(z) is monotonically 

decreasing and 

" M < abs <G,J < abs <G, .. , J = .ufl <1 + <J+1 J -'/<7. 2J J J <14J _; .. , 
can be obtained by setting approximation <4) for abs(G, .. , ) equal 

to~ with n=2m, applying Stirling's asymptotic formula for factorials 

and solving the resulting equation for m. This gives m• as the 

largest value of m, whe re m' is the limit of the rapidly 

convergent sequence 

I n other words, for any value of z for which m<m•, 

the theore t i cal "minimal" e rror in s,_, ( z ) (namely abs <G,J 

with n =2m) is computationally attainable, because it exceeds~ . On the 

other hand, f or any value of z £or which m>m~ the theoretical 

"minimal" error in s,_, ( z) will underflow ,1.1. or be clos e toLl, 

8 
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since it satisfies 

-a bs (G, (:m)) <' a bs (G. (:m)) 

. " • a bs (G. (:m)) 

"' = abs (G .. , (:m6 )) (:m/:m6 ) -• by (4) 

Therefore, for values of z for which :m>:m~ we can approximate 

<10> almost to the relative precision of the computer arithmetic by summing 

no more than k=2:m• terms of S..-1 (z); in fact, we 

evaluate Sen-p-I (z) for a positive integer value of 

p<[ kl, in order to avoid computing terms of Scu-1 (z) that 

underflow .,u. when :m/:m• is large. 1 

To select Sc•J-p-1 (z) when :m>:m•, we determine 

the index fkl-p (=[k-pJ) of the error term 

{lr]-~-1 

a.bs (GlltJ-p (:m)) = abs (~•J-p (:m)) 17 ( 1 + (j + 1) - 1/(7. 2j) ) 
J:l 

for which 

(p < £ kl, k = 2r J 

in the fallowing manner . 

If..t<=2-60
, then eq .(1 5l gives •*=19 .35 !abs!zl=9 .44l; 

therefore , for abs(z:i ) 9.44, no more than 39 terms of Sn-1 (z) are 
required to approximate 11 0) to the relative precision of the coaputer 
arith~et i c . The nur.ber of required ter1s falls off at a moderate rate as 
~~~· ~oves away fro~ 1; e.g. for m/m*=2, 5.7 labslzl=15 , 30) , 
the number of terts required is 15 , 10, respectively . A list of the 
required nur.ber of terms [2m*-pl for corresponding values of m and 
~~~· appears in Table 1 . 

9 
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Obtain a table of values of m, namely 1l'1p, for positive 

integer values of p<fkJ, which satisfy the equation 
,. 

a bs <Gcu-p (m)) = ;£( • 

For a given value of m>m•, say m = ..., 
m, 

then 

and 

M= 

since 

A A -
a bs <Gtu-(p••, (~., J J < a bs <GuJ-p-1 (m)) 

" a bs <GcltJ-p (m) J ~ p , 

<P, 

if m ~ 1l'1p 

if m > n;. • 

Therefore, if 1l'1p(m~ll7p., we evaluate 

(18) 

(19) 

(20) 

slltJ-(p+/ ) (z), since ,. -
Gc~<J-p (mJ satisfies (17), by 

(19) and (20). For example, if a given value 

say m=l9.6, lies between the values of m for p=5,6 in 

Table 1, then take f 2m--51 =34 for f k-pJ. 

10 



p 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 

m m/m* [2m* - p] 

19 . 35258 1 39 
19 . 36194 1 . 000484 38 
19.38579 1. 001716 37 
19.42577 1 . 003782 36 
19 . 48381 1.006781 35 
19 . 5621 1.010827 34 
19 . 66328 1 . 016055 • 33 
19.79037 1 . 022622 32 
19 . 94698 1. 030714 31 
20 . 1374 1 . 040554 30 
20 . 36676 1 . 052406 29 
20 . 64125 1.066589 28 
20 . 96842 1 . 083495 27 
21. 35754 1. 103602 26 
21 . 8201 1 . 127504 25 
22 . 37055 1. 155947 24 
23 . 02719 1. 189877 23 
23.81359 1. 230513 22 
24.76054 1 . 279444 21 
25.90883 1 . 338779 20 
27 . 31371 1. 411373 19 
29 . 05135 1. 501162 18 
31.22937 1. 613706 17 
34 . 00401 1 . 757079 16 
37.60926 1.943372 15 
42.4084 2 . 191357 14 
48 . 99014 2 . 531453 13 
58 . 35861 3.015547 12 
72 . 336 3.737796 11 
94 . 49151 4 . 882632 10 
132.5262 6 . 847986 9 
205.2731 10.60702 8 
367 . 2325 18 . 97589 7 
818 . 2973 42.28363 6 
2605 . 586 134 . 6377 5 
15653 . 95 808.882 4 
342085.9 17676.5 3 
2.000795E+08 1 . 033865E+07 2 
8 . 006342E+16 4 . 137093E+15 1 

Number of terms needed to obtain exp(zta) Ai(z) 
- 60 to a relative precision of~= 2 for values of 

m>m* = 19.35 is [2m*- p] 

TABLE 1 

TM 861032 
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Analyzing the asymptotic series for exp <zti!J)Ai · (z) : -exp (zta.)Ai' (z) .,_ - (n-0 ·•z0 · 2 •/2) 2: (-1) •d,zti!J _, <21) 
.f=o 

where 

zta = z 1 • 5/1. 5, I!J bs ( I!Jrg z ) < " 

do = 1, (22) 

in the same way we analyzed <1> produces similar results. Writing 

we see that the terms of the sum in <21> can be generated recursively: 

(k = 0,1,2, . • . ) <23) 

and, a fortiori, 
~ 

abs<G.+~) = I!Jbs<zta-"- 1) (7/72) TT 
o/ .. 1 

Let 

. 
•. 2-•k!a.bs<zti!J-•- 1)7/72 ~ 

n-1 
S"-1 <z) = L G. 

/r:IJ 

(dHI/d,) 

A 
abs <G •• ,; 

(25) 

(24) 

For a given value of z, the magnitude of the theoretical error in 

S"_' <z.> <namely I!Jbs <G">> is minimized when 

n ::: [2m + 7/(12m)J (26) 

An estimate of the largest value of m for which the minimal error satisfies: 
n-1 

a. bs <G" ) = .u'TT < 1 - 14 (j + 1) -l/(72j) ) (ll.(' = 7.U/5) 
..i:l 

can be obtained by setting approximation<24> for I!Jbs (G") equal 

to p'with n-1=2m, applying Stirling's asymptotic formula for 

fac torials and solving the resulting equation for m. This gives 

m• as the largest value of m, where xr is the limit 

of the rapidly convergent sequence 

111o=-ln <7. 2 un-0 · 6 ) /2 

12 
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Therefore, far values of z far which m>m~ we can 

approximate . 

- (2HD ~-o.z&)exp<zta)Ai. '(z). <27> 

to the relative precisian of the computer arithmetic by summing no more 

than k=2m•+1 terms of Sn-• <z>; in fact, far a positive 

integer value of p<Ckl, we evaluate Scu-p-1 (z), 

Ckl-p is the index of the error term 

llrJ·p·l 
= abs<8cltJ-p(m)) IT< 1- 14<j + 1)-1/(72j)) 

..i'' 

that satisfies 

I " "' I M <.' abs <Gcu-cp•u (m)) ) abs <Gllt1-p (m)) ~ ,U <28) 

<p <.' fkl, k = 2~ + 1) . 

The index fkJ-p is determined in the following manner. 

where 

, 
Since~ =7~/5, the table of values of m far which appraximatian(24) 

reduces to .u."'is identical to Table 1 far,/,l =2-•0 • Therefore, far 

a given value of m:>m•, we determine fkl-p 

<=C2~J-p+1) by locating where m falls in Table 1. For example, if 

a given value of m,'>m•, say m=19 . 6, lies between p=5,6 in Table 

1, take f2m•-4J =35 for fkl-p <=f2m•J-p+1). 

COMPUTATIONAL STABILITY OF THE WRONSKIAN 

As pointed out in ( 5], in the sector 60°<.' abs(arg z) <180° 

13 
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Ai (z)- +iBi (z), A.1 1 (z ) - ::;iBi (z) (abs (z) large) (29) 

Therefore , although theoretically the Wronskian V<Ai(z), Bi(z)) 

satisfies 

V<Ai(z), Bi(z)) = n-1 , (30) 

it is numerically unstable in this sector when ~bs(z) is large 

because of severe cancellation of significant digits; in other words, 

computationally V<Ai(z),Bi(z)) may be close to zero. For example, if 

~bs (z ) =15 and ~rg z=150°, then <to at least 20 significant 

digits ) 

Real Part 

Ai(z): -3010621074 . 950100596341 

Bi(z) : -112308057590.0163025659 

A.1 1 (z) : 422189739015.1793969374 

Bi' (z) : 99699231497.52144586569 

so that 

Imaginary Part 

112308057590. 0163025659 

.-3010621 074 . 9501 00596341 

-99699231497.52144586569 

422189739015.1793969374 

Ai (z) = -iBi (z), Ai' (z) = -.1B.1' (z) (31) 

and V (Ai (z), Bi (z)) =0 on computer a i thmet ic hardware 

significant decimal digits or less. On the other hand, 

does not occur for the following numerically linearly 

functions 

Ai (z) , Ai (z exp <t2n.1/3)) 

where 

having 20 

this instability 

independent Airy 

(32) 

V(Ai (z), Ai (z exp (2f7.1/3)) = 0. 5r7- 'exp (-ni/6) 

V(Ai (z ) , Ai (z exp (-2n.1/3)) = 0 . 5n-'exp <ni/6) 

(J:m (z) < 0 ) 

(J:m(z) ~ 0) 

14 
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COMPUTER PROGRAM 

For m > 19.35 (~bs(z) > 9.44), the complex Airy function 

subprogram computes the scaled numerically 

functions: 

linearly independent Airy 

exp (zt~) Ai (z) 1 exp <-zta) Ai (z exp <+2ni/3)) (33) 

and their sc~led derivatives 

exp (zta) Ai 1 (z) 1 exp (-z:ta) Ai 1 (z exp (~2ni/3) )exp (;;2ni/3) (34) 

by evaluating partial sums of their asymptqtic expansions <1, 21> to the . 

working precision of a comp.uter with unit round-off error 

P=2-•0
1 avoiding the accumulation of terms that underflow .u. In 

evaluating 

exp<-zta) Ai(z exp<;2ni/3)) 1 exp<-zt~) Ai 1 (z exp<+2ni/3))exp<;2ni/3) 

we rotate z 120° counter-clockwise if its imaginary part is 

negative; otherwise z is rotated 120° 

180°. 

clockwise from 

For 7.45 < m ~ 19.35 (5 < abs(z) ~ 9.44) 1 we evaluate only 

£2m+1J terms of the asymptotic expansions <1, 21), so that the 

largest error occurs for m=7.45 

For 0 ~ abs(z) < 5 1 we employ the ascending power series given 

in [21 to compute the Airy functions of the first and second kind from 

which we obtain 

exp (0) Ai (z exp <:f2ni/3)) = 0. 5exp <'ini/6) <Bi (z) t iAi (z)) 

exp<O) Ai 1 (z exp<z2ni/3))exp<:f2ni/3) = 0.5exp<;ni/6) <Bi 1 (z) + iAi 1 (z)) 

15 
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The scaled complex Airy function of the second kind: 

exp<-zta)Bi(z), exp<-ztaJBi'(z) (abs( arg z) ~ 60") <35) 

exp (zta)Bi (z) 1 exp (zta)Bi' (z) (60"' < abs ( arg z ) ~ 180") 

may be obtained in the asymptotic region (abs(z)>5J from the 

numerically linearly independent scaled computations by utilizing the 

connection formulas: 

Bi(z) = 2exp<tni/6) Ai<z exp<t2ni/3)) + iAi(z) (36) 

Bi' (z) 7 2exp<tTTi/6) Ai.' (z exp<t2TTi/3))exp<t2ni/3) + iAi 1 (z) 

If abs( arg z )~60", then Real .<zta)2,0, so we compute 

exp<-zta)Bi (z) = 2exp<tni/6) ( exp<-zta)Ai (z exp<t2ni/3))) 

:;.i exp (-2zta) ( exp (zta) Ai (z) ) (37) 

exp<-zta)Bi' (z) = 2exp<t5ni/6) ( exp<-zta) Ai' (z exp<t2ni/3)) J . 

+ iexp<-2zta) ( exp<zta)Ai 1 (z) ), 

where the upper sign is selected if Jm(z)(O, and the lower sign, if 

Jm(z)~O. If 60"<abs( arg z )~180", then Real (ztaJ<O, 

so we compute 

exp (zta)Bi (z) = 2exp <tni/6) exp (2zta) ( exp (-ztaJAi (z exp <t2ni/3)) ) 

:;: i( exp<zta)Ai(z) ) (38) 

exp (ztaJBi' (z) = 2exp <t.5ni/6) exp (2zta) ( exp (-zta)Ai' (z exp <t2ni/3)) ) 

+ i ( exp (zta)Ai' (z) ) , 

where 

sign, 

16 

again the upper sign is selected if 

if Jm(zJ>O . 

Jm(zJ<O, and the lower 
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• COUNTER-CLOCKWISE IF ITS IMAGINARY PART IS NEGATIVE; OTHER- • 
• WISE Z IS ROTATED 120 DEGREES CLOCKWISE . THE WRONSKIAN OF THE • 
• NUMERICALLY INDEPENDENT AIRY FUNCTIONS IS STABLE THROUGHOUT THE* 
• COMPLEX PLANE . • 
• • 
• • 
• GIVEN Z, IF INDEP < 0, CLAIRY RETURNS THE FIRST AND 2ND KINO • 
• AIRY FUNCTIONS: • 

• • • 
• 

( AI, AlP } = EXP(ZTAM} • ( AI(Z}, AI(Z) ) 

• ( BI, BIP ) 
• 

• 
EXP(-ZTAM) • ( BI(Z), BI(Z) ), IF REAL(ZTAMi >=0 • 

• 
EXP(ZTAM) • ( BI(Z), BI(Z) ), IF REAL(ZTAM) < 0 • 

• • • 
• SINCE AI(Z} - - /+IBI(Z) AND AI(Z) - -/+IBI(Z) I~ 60 < ABS(ARG Z) 
• < 180, THE WRONSKIAN OF THE AIRY FUNCTIONS OF THE FIRST AND • 
• SECOND KIND IS NOT STABLE THROUGHOUT THE COMPLEX PLANE. • 
• • ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

SUBROUTINE CLAIRY(Z , AI, BI , AlP, BIP, ZTAM, INDEP) 
IMPLICIT REAL*8 ( A-H, O-Z ) 
COMPLEX*16 ZS, ZSS, ZTA, SCl, SC2, SOl, SD2, SOMl , TSQMl , 

+ HEPI06 , CHEP06 , EPI06 , CEPI06 , E2PI03, CE2P03 , TEPI06, TCPI06, 
+ Tl, T2 , CK, ZSQ, F, G, Q, R, ZB, ZERO , ZO , REPI06, E2ZTAM, 
+ Z, AI , BI , AlP, BIP, ZTAM 

DIMENSION C(40) , 0(40) 
DATA RDEG/ , 17453292519943290-1/, PI04/ , 7853981633974483DO/ 
DATA RC2RPI/ . 28209479177387814DO/, RPI/1 . 77245385090551600/ 
DATA SOR3/1 . 7320508075688772900/ , ZERO/(O . DO,O.OO)/ 
DATA SQMl/(O . ODO, 1 . 000)/, TSOMl/(O . ODO , 2 . 0DO)/ 
DATA SN60 , CS60/ . 866025403784438647DO , 0 . 5DO/ , 

+ EPI06/( . 86602540378443864700, 0 . 500)/, 
+ CEPI06/( . 866025403784438647DO, -0.500)/, 
+ TEPI06/(1 . 73205080756887729DO , 1 . 000)/ , 
+ TCPI06/(1 . 7320508075688772900, - l . ODO)/, 
+ E2PI03/( - 0 . 5DO, . 86602540378443864700)/, 
+ Cf2P03/(-0 . 5DO, -. 86602540378443864700)/ , 
+ HEPI06/( , 4330127018922193233DO , 0.2500) / , 
+ CHEP06/( , 4330127018922193233DO, -0 . 2500)/ 

DATA C/ 1 . 00, 0 . 69444444444444444D-Ol, 
+ 0 . 53472222222222222D+OO, 0 . 102314814814814810+01, 
+ 0 . 151736111111111110+01, 0 ; 201388888888888880+01 , 
+ 0 . 251157407407407400+01, 0 . 300992063492063490+01 , co ...... 
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+ 0 . 35086805555555555D+01, 0.40077160493827160D+01 , 
+ 0 . 45069444444444444D+01, 0.50063131313131313D+01 , 
+ 0 . 55057870370370370D+01, 0 . 60053418803418803D+01 , 
+ 0.~50496031746031740+01, 0 . 700462962962962960+01, 
+ 0 . 750434027777777770+01, 0 . 800408496732026140+01, 
+ 0 . 850385802469135800+01, 0.900365497076023390+01, 
+ 0 . 950347222222222230+01, 0.100033068783068780+02, 
+ 0 . 105031565656565650+02, 0 . 110030193236714970+02, 
+ 0 . 115028935185185180+02, 0 . 120027777777777770+02, 
+ 0 . 12502670940170940D+02, 0 . 130025720164609050+02, 
+ 0 . 13502480158730158D+02, 0 . 140023946360153250+02, 
+ 0 . 14502314814814814D+02, 0 . 150022401433691750+02, 
+ 0 . 155021701388888880+02, 0.160021043771043770+02, 
+ 0 . 165020424836601300+02, 0 . 170019841269841260+02 , 
+ 0 . 175019290123456790+02, 0 . 18001876876876877D+02, 
+ 0 . 185018274853801170+02, 0.190017806267806260+02/ 

c 
DATA D/ 1 . DO, -0.97222222222222222D-01, 

+ 0.45138888888888888D+OO, 0 . 96759259259259259D+OO, 
+ 0 . 14756944444444444D+01, 0.198055555555555550+01, 
+ 0.248379629629629620+01, 0.29861111111111111D+01, 
+ 0.348784722222222220+01, 0 . 398919753086419750+01, 
+ 0 . 4490~777777777777D+01, 0 . 49911616161616161D+01, 
+ 0 . 54918981481481482D+01, 0 . 599252136752136750+01, 
+ 0 . 64930555555555555D+01, 0.699351851851851850+01, 
+ 0.749392361111111110+01, 0 . 799428104575163400+01 , 
+ 0.849459876543209870+01, 0 . 899488304093567250+01, 
+ 0 . 949513888888888880+01, 0 . 99953703703703704D+01, 
+ 0 . 10495580808080808D+02, 0.1D9957729468599030+02 , 
+ 0 . 11495949074074074D+02, 0.119961111111111110+02 , 
+ 0,124962606837606830+02, 0.129963991769547320+02, 
+ 0.134965277777777770+02, 0.139966475095785440+02, 
+ 0.144967592592592590+02, 0 . 149968637992831540+02, 
+ 0 . 154969618055555550+02, 0 . 159970538720538720+02, 
+ 0 . 164971405228758170+02, 0 . 169972222222222220+02 , 
+ 0.174972993827160490+02, 0 . 179973723723723720+02, 
+ · 0.184974415204678360+02, 0.189975071225071220+02 / 

c 
ZTAM = ZERO 
IF (COABS(Z) .GT . 5 . ) GO TO 200 

C POWER SERIES EXPANSION OF AIRY FUNCTION FOR ABS(Z) . LE . 5 
T1 = DCMPLX( . 35502805388781723900,0.00) 

c 

c 

c 

T2 = OCMPLX(.2588194037928067900,0.DO) 
F = T1 
R = T2 
T2 = T2*Z 
G = T2 
zsa = z•z 
a = ZERO 
XN 

100 XN 
T1 
a 

XN 
T1 
CK 
F 

l.DO 

XN+ 1 . DO 
T1*ZSa/XN 
a+T1 

XN+l.OO 
T1*Z/XN 
F 
F+T1 

~ 
~ 
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c 

c 

L 

T2 = T2*ZSQ/XN 
R = R+T2 

XN = XN+l , DO 
T2 = T2*Z/XN 
G = G+T2 

IF ( DREAL(CK) . NE . DREAL(F) . OR . DIMAG(CK) . NE . OIMAG(F)) GO TO 100 

AI = F- G 
AlP = Q-R 
Bl = SQR3*(F+G) 
BIP = SQR3*(Q+R) 
IF( INDEP , GT . 0 ) THEN ! SCALED INDEPENDENT BIRY, AIRY 

IF( DIMAG(Z) . GE . O. ODO ) THEN 
Bl = HEPI06 • ( Bl - SQMl • AI ) 
BIP : HEPI06 • ( BIP - SQMl • AlP 

ELSE 
Bl = CHEP06 • ( BI + SQMl • AI ) 
BIP = CHEP06 • ( BIP + SQMl • AlP 

END IF 
END IF 
RETURN 

C ASYMPTOTIC EXPANSION OF AIRY FUNCTION FOR LARGE Z. 
C GET ABS( ARG Z ) 

c 

200 TH =DABS( DATAN2( DIMAG(Z), DREAL(Z) ) I RDEG) 
T2 = E2PI03 
IF(DIMAG(Z) .GE . O. ODO) T2 = CE2P03 

IF(TH . GT. 150 . 0DO) THEN 
ZO = Z • T2 ! ROTATE Z 
ZS = CDSQRT(ZO) 
ZSS = COSQRT(ZS) 
ZTA = ZO • ZS I 1 . 5DO 
ZTAM = -ZTA 
E2ZTAM = ZERO 
IF ( OREAL(ZTA) . LE. 43.00 ) E2ZTAM = COEXP(2 . 00 • ZTAM) 
CALL SUMMER(ZTA, SCl, SC2, C, 0) 
CALL SUMMER(ZTA, SOl, SD2, D, 1) 
Bl = RC2RPI I ZSS • SCl ! EXP(ZTA)AI(ZO) 
BIP = -RC2RPI • ZSS • SOl • T2 ! EXP(ZTA)Aip(ZO)T2 
IF(OIMAG(Z) . GE . 0 . 000) THEN 

AI = CHEP06 • (SC21(RPI*ZSS) + (TSQMl*E2ZTAM)*BI) 
AlP = CHEP06 • (SD21RPI*ZSS*T2 + (TSQMl*E2ZTAM)*BIP) 

ELSE 
AI = HEPI06 • (SC21(RPI*ZSS) - (TSQMl*E2ZTAM)*BI) 
AlP = HEPI06 • (SD2/RPI*ZSS*T2 - (TSQMl*E2ZTAM)*BIP) 

END IF 
~LSE ! FOR ABS( ARG Z) . LE . 150 DEGREES 

C USE NBS 10 . 4.59 , 10 . 4 . 61 FOR AI, AlP 
ZS = COSQRT(Z) 
ZSS = COSQRT(ZS) 
ZTA = Z*ZSI1 . 5DO 
CALL SUMMER (ZTA. SCI, SC2, C, 0) 
ZTAM = ZTA 
AI = RC2RPI/ZSS*SC1 
CALL SUMMER (ZTA , SOl , SD2, D, 1) 
AlP = -RC2RPI*ZSS*S01 
REPI06 = EPI06 

0 
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IF( DIMAG(Z) . GE. O. ODO ) REPI06 = CEPI06 
BIP = -RC2RPI * SD2 * ZSS * REPI06 * T2 
Bl = RC2RPI • SC2 I (ZSS • REPI06) 

END IF 

IF ( INDEP . LT . 0) THEN ! SCALED AIRY OF 2ND KIND 
E2ZTAM = O. ODO 
IF( DREAL(ZTAM) . GE . O. ODO ) THEN ! ABS( ARG Z ) <= 60 

IF( DREAL(ZTAM) . LE . 43 . DO ) E2ZTAM = CDEXP( - 2 . DO • ZTAM) 
IF( DIMAG(Z ) . GE. O. ODO ) THEN 

Bl = SC2 I ( ZSS*RPI) + ( SQMl • E2ZTAM) • AI 
BIP = SD2 • ZSS I RPI + (SQMl • E2ZTAM) • Al P 

ELSE 
Bl = SC2 I (ZSS*RPI) - (SQMl • E2ZTAM) * AI 
BIP = SD2 * ZSS I RPI - (SQMl • E2ZTAM) • AlP 

END IF 
ELSE ! 60 < ABS( ARG Z ) <= 180 

IF( DREAL(ZTAM) . GE . -43 . 00) E2ZTAM = CDEXP ( 2 . DO * ZTAM) 
IF( DIMAG(Z) . GE . O.ODO ) THEN 

Bl = (TCPI06 • E2ZTAM) • BI + SQMl • AI 
BIP = (TCPI06 • E2ZTAM) *BIP + SQMl • AlP 

ELSE 
Bl = (TEPI06 • E2ZTAM) • Bl - SQMl * AI 
BIP = ( TEPI06 • E2ZTAM) • BIP - SQMl • AlP 

END IF 
END IF 

END IF 
RETURN 
END 

...... 
N 



N 
M 
0 ..... 
1.0 
CX) 

:::E ..... 

c 
c 
c 
c 
c 

SUBROUTINE SUMMER (ZTA, Sl, 52, CF, NGATE) 
OOUBLE PRECISION CF 
REAL MSTAR 
COMPLEX•l6 ZTA,VZTA , G,Sl,S2 
OIMENSION CF(40) 
DATA MSTARI19.351 

IF(NGATE . EQ.O)THEN 

MSTAR IS THE LIMIT OF THE SEQUENCE: 
M(J) = -LN( M(J-1) ) I 4 + M(O) 
( M(O) = -LN( 7 . 2 U I SQR(PI) ) I 2 
WHERE U IS THE COMPUTER ' S UNIT ROUND
OFF ERROR (U = 2••(-60) HERE). 

ABSZTA = CDABS(ZTA) 
IF(ABSZTA .GT . MSTAR)THEN 

C FETCH NUMBER OF TERMS FROM TABLE 
NTERMS = NTERM( ABSZTA ) 

END IF 
END IF 
IF(ABSZTA .LE . MSTAR)THEN 

NTERMS = 2.0•ABSZTA + 2 . 0 
IF(SNGL(CF(NTERMS)) .GT. ABSZTA) NTERMS: NTERMS- 1 

END IF 
G = DCMPLX(CF(1),0.000) 
Sl = G 
52 = G 
VZTA = GIZTA 
DO 100 I = 2, NTERMS, 2 

G = G•(VZTA•CF(I)) 
Sl = Sl - G 
52 = 52 + G 
G = G•(VZTA•CF(I+l)) 
Sl = Sl + G 
52 = 52 + G 

100 CONTINUE 
IF( MOO(NTERMS, 2) .NE . 0 ) RETURN 
Sl = Sl - G 
52 = 52 - G 
RETURN 
END 
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FUNCTION NTERM(ABSZTA) 
c ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
C ••• USING THE KEY ABSZTA, FUNCTION NTERM DOES A BINARY SEARCH ••• 
C ••• OF AZTA TO DETERMINE THE NUMBER OF TERMS OF THE SERIES TO ••• 
C ••• SUM. THE TABLE OF AZTA VALUES WAS CONSTRUCTED FOR U = ••• 
C ••• 2**(-60). IF THE VALUE OF U CHANGES THEN A NEW TABLE OF ••• 
C ••• AZTA VALUES SHOULD BE CONSTRUCTED AS DESCRIBED IN NUSC ••• 
C ••• TM 861032. ••• 

c ··~······························································ INTEGER NTERM 
DIMENSION AZTA(38), NTABLE(38) 
DATA (AZTA(K) . 

... 19.35 • 

... 19.36194, 

... 19.38579, 

... 19.42577, 

... 19.48381, 

... 19.5621 • 

... 19.66328, 

... 19.79037, 

... 19.94698, 

... 20 . 1374 • 

... 20.36676, 
+ 20 . 64125, 
+ 20.96842, 
... 21.35754, 
+ 21.8201 • 
+ 22 . 37055, 
... 23.02719, 
+ 23.81359, 
+ 24.76054, 

DATA ' (AZTA(K), 
+ 25.90883, 
... 27.31371, 
+ 29.05135, 
+ 31.22937, 
... 34 . 00401, 
+ 37 . 60926, 
+ 42 . 4084, 
+ 48.99014, 
+ 58.35861, 
+ 72 . 336 

94.49151, 
+ 132.5262 • 
+ 205 . 2731 • 
... 367 . 2325 
+ 818 . 2973, 
+ 2605 . 586 
+ 15653 . 95 
... 342085.9 
+ 342085.9 

= 1 
J = 37 

NTABLE(K). K = 1. 19)/ 
39, 
38, 
37, 
36, 
35, 
34, 
33, 
32, 
31, 
30, 
29, 
28, 
27. 
26, 
25, 
24, 
23, 
22 , 
21/ 

NTABLE(K), K = 20, 38)/ 
20, 
19, 
18, 
17, 
16, 
15, 
14, 
13, 
12, 
11, 
10. 

9 , 
8. 
7. 
6, 
5, 
4, 
3, 
3/ 

C DO WHILE ( I . LE. J ) 
20 IF ( • NOT. (I . LE . J) ) GO TO 70 

L=(I+J) / 2 

M 
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IF( ABSZTA . LT . AZTA(L) ) THEN 
J = L - 1 

ELSE 
I = L + 1 

END IF 
GO TO 20 

70 CONTINUE 
NTERM = NTABLE( I ) 
RETURN 
END 

'<t" 
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